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Abortive control operators

E.g., callcc in Scheme or SML/NJ

» Capture the entire rest of the computation (continuation)

Example
11+callcc(fn k => 100+k 0)

Captured continuation: 11 + [ ]
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Abortive control operators

E.g., callcc in Scheme or SML/NJ
» Capture the entire rest of the computation (continuation)

» When resumed, the captured continuation replaces the
current continuation.

Example
11+callcc(fn k => 100+k 0) ==>11

Captured continuation: 11 + [ ]



Delimited-control operators

E.g., shift and reset (Danvy and Filinski, 90)

» Capture a prefix of the rest of the computation (delimited
continuation)

Example
1+reset(fn () => 10 + shift (fn k => 100+k (k 0)))

Captured (composable) continuation: 10 + [ ]
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Delimited-control operators

E.g., shift and reset (Danvy and Filinski, 90)

» Capture a prefix of the rest of the computation (delimited
continuation)

» When resumed, the captured continuation is composed with
the current continuation.

Example
1+reset(fn () => 10 + shift (fn k => 100+k (k 0)))
==>121

Captured (composable) continuation: 10 + [ ]



Delimited-control operators: applications

Motivation
» Success-failure continuation model of backtracking
> More expressive than abortive control operators

Applications

v

Non-deterministic programming
» Computational monads

Partial evaluation

v

v

Normalization by evaluation

v

Linguistics

v

Concurrency



Behavioral theory for A-calculi

Contextual equivalence:

Definition
Terms to B t; contextually equivalent iff for all C, C[tp] and C[t1]
have the same observable actions



Behavioral theory for A-calculi

Contextual equivalence:

Definition
Terms to B t; contextually equivalent iff for all C, C[tp] and C[t1]
have the same observable actions

(Weak) bisimilarity:

Definition
If tc—— t; then ty t1

P

/ /
to hb——-14
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The call-by-value A-calculus with shift and reset

Syntax
Terms: t o= x| Ax.t | tt | Skt | (t)
Values: v = Ax.t
CBV contexts: E = 0O|vE | Et
Call-by-value reduction:
/ /
L —v t—y t
(Ax.t) v =, t{v/x} titr =y t] b vt —y vt
x fresh t—y t

(E[Sk.t]) — (t{ \x.(E[x])/k}) (v) =y v (t) = (t)

Captured (composable) context



Contextual equivalence

Evaluation of a closed term
>ty
>ty v
> t |y E[Sk.t']

Definition (Contextual equivalence)

Let tg, t; be closed terms. We have ty B t; iff for all C,
» Clto] Uv vo implies C[t1] {v v1;
» Clto] v Eo[Sk.t}] implies C[t1] | E1[Sk.t{].

and conversely for C[t1]



Bisimilarity: actions «

t 7> t': internal action (= reduction)

T

(\x.t)v 5 t{v/x} (v) > v

t 5ot to = g

vt vt to t1 — th t



Bisimilarity: actions «

t 7> t': internal action (= reduction)

t 5y

(\x.t)v 5 t{v/x} vy Sv t) 5t/
t 5ot to = g t Dt

vt S vt tot11>t6t1 (t) o (t)

V . .
v = t': testing values (as in regular \-calculus)

x.t 2% t{vg/x}



Bisimilarity: actions «

t 7> t': internal action (= reduction)

t 5y

(\x.t)v 5 t{v/x} vy Sv t) 5t/
t 5ot to = g t Dt

vt S vt tot11>t6t1 (t) o (t)

V . .
v = t': testing values (as in regular \-calculus)

x.t 2% t{vg/x}

E
t — t': context capture
> tis a stuck term Ep[Sk.to]
» t captures E and becomes t': (E[t]) & t/



Context capture

<V ((Skto) t1)> RN



Context capture

v ((Sk-1o) t1)

10

<V ((Sk.to) t1)>

ks



Context capture

(Sk.to) t1 £> C

v ((Sk.to) t1) = ...

)
<V ((Skto) t1)> I



Context capture

Sk.tg ACLY

(Sk.to) t1 £> C

v ((Sk.to) t1) = ...

<V ((Skto) t1)> I



Context capture

x fresh

v (

Sk.to L2, o D (v (x 1)) /K )

(Sk.to) t1 £> ...

v ((Sk.to) t1) = ...

)
<V ((Skto) t1)> .



Context capture

x fresh

Sk.ty (to{Mx.(v (x t1))/K})

v (D t1)
e

(Sk.to) t1 22 (to{dx.(v (x t1))/k})

v ((Sk.to) t1) = ...

<V ((Skto) t1)> I



Context capture

x fresh

Sk.to Y2 (1 D (v (x 1)) /KD

(Sk.to) t1 22 (to{dx.(v (x t1))/k})

v ((Sk.to) t1) = (to{Ax.(v (x 1)) /k})

<V ((Skto) t1)> I



Context capture

x fresh

Sk.to Y2 (1 D (v (x 1)) /KD

(Sk.to) t1 22 (to{dx.(v (x t1))/k})
v ((Sk.to) t1) = (to{Ax.(v (x 1)) /k})

(v ((Sk.to) t1)) = (to{Ax.{v (x t1))/k})



Applicative bisimilarity

Weak transitions
(&)

S5 fa#T

U=
> >

Definition (Applicative bisimilarity)
If to t1 (a#7)then tg——1t;

| [k

/ / ~ /

~
~

Theorem
We have B=~



Equivalences of terms

Because

Sk.(t) ~ Sk.t Ska(t) S ((t{x.(E[x])/Kk1)
Skt 5 (t{Ax.(E[x])/k})
and Vt', ((t')) = (t')



Equivalences of terms

Because
~ Skt Sk{t) S (tDx(Ex) /D)
Skt 5 (t{Ax.(E[x])/k})
and Vt', ((t')) = (t')

Ox.EX])t ~ E[t]

More complex ...
x fresh P
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CPS equivalence vs bisimilarity: Sq axiom

Ri = {(O.EL) ¢ E[])

(\x.E[x]) Sk.t Fa E[Sk.t]

LEO lgo

(t{hy(Eol(Ax-E[x]) y1) /K1) (t{Ay(EolElYID /K})



CPS equivalence vs bisimilarity: Sq axiom

Ry = {(\.EDX) ¢, ET¢])}
Ry = {(t'o1, t'02)}

(\x.E[x]) Sk.t R E[Sk.1]

LEO lgo
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CPS equivalence vs bisimilarity: Sq axiom

Ry = {(\.EDX) ¢, ET¢])}
Ry = {(t'o1, t'02)}

(Ax.E[x]) Sk.t R E[Sk.1]

| |

For1\y-(Eol(\x-E[X]) y]) vl ™ Foalhy (Eo[Ely]]) vor]

] |

Fo1[(Eo[(Ax-E[x]) vau])] Foa[(Eo[E[voa]])]



CPS equivalence vs bisimilarity: Sq axiom

Ri1 = {(FO':ll . oT[(Ax.E[x]) t'a% ..ol FO‘% e ag[E[t'J% ..oz}
R = {(t”Jl, t”O'Q)}

(Ax.E[x]) Sk.t R E[Sk.1]

| |

For1\y(Eo[(x-E[X]) y]) vl ™ Foalhy (Eo[ElY]]) vor]

] |

Foil(Eo[Ox ER) vorl)] ™ Foal(EolE[vaa]])]



CPS equivalence vs bisimilarity: Sq axiom

Ry = {(Foi...of[(Mx.E[x]) t'oi ..

Ry = {(t”a% ...ot, t"U% c.o9)}

(\x.E[x]) Sk.t T

LED

Foi[\y . (Eo[(Ax.E[X]) y]) voi]

LT

Foi[{Eo[(Ax.E[x]) voi])]

R1

o7, Fo3...o5[E[to3 ..

E[Sk.t]

lEo

®2 Ealhy (Eo[ELY]]) vl

lT

Foa[(Eo[E[vaa]])]

-o3])}



Applicative bisimilarity: summary

Definition (Applicative bisimilarity)
If to——1t; (% 7)then tg——1t;

| [k

/ / ~ /
tg tp—— -t

» Sound and complete w.r.t. contextual equivalence
» Proofs can be complex: still a quantification on values v, and
on contexts E

Can we do better?



Normal form bisimilarity (open bisimilarity)

Principle (Sangiorgi, Lassen):
» Reduce (open) terms to normal forms

» Decompose normal forms into bisimilar subterms

Example: A-calculus
Definition
If tg ~nF t1 then:
> If tg |y x, then t1 |y x
> If to v Ax.t), then t; Jy Ax.t] and ty ~np t]

> If to |y Eo[X Vo], then t; |+ E; [X Vl], Vo ~NF V1 and
Eoly] =~ Eily] for a fresh y



Evaluation of open terms

Terms: t
Values: v
CBV contexts: E
Evaluation contexts: F

Evaluation of an open term
>ty
>ty v
> t |y E[Sk.t']
>ty Flxv]

x | M.t | tt | Skt | (t)
Ax.t | x
O|vE | Et
O|vF | Ft]| (F)



Normal form bisimilarity for delimited control

Definition (Normal form bisimilarity)
If tg ~nF t1 then:
> If tg |y x, then t; |y x
> If to v Ax.t), then t; Jy Ax.t] and ty ~np 8

> If to v FO[X Vo], then t; | F;: [X Vl], Vo ~NF V1 and
FO NF F1.



Normal form bisimilarity for delimited control

Definition (Normal form bisimilarity)
If tg ~nF t1 then:
> If tg |y x, then t; |y x
> If to v Ax.t), then t; Jy Ax.t] and ty ~np 8
> If to v FO[X Vo], then t; | F;: [X Vl], Vo ~NF V1 and
Fo ~nF Fj.
> If to v Eo[Sk.tj] then t; | E1[Sk.t1], Eo[x] =¥ Ei[x] for a
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Normal form bisimilarity for delimited control

Definition (Normal form bisimilarity)
If tg ~nF t1 then:
> If tg |y x, then t; |y x
» If t Jv Ax.t), then t1 |, Ax.t] and t) ~nF t]
> If to v FO[X Vo], then t; | F;: [X Vl], Vo ~NF V1 and
Fo ~nF Fj.
> If to v Eo[Sk.tj] then t; | E1[Sk.t1], Eo[x] =¥ Ei[x] for a
fresh x and (t3) ~nF (t])

Theorem
We have =nrC B.
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R1 = {((\x.E[X]) ¥, E[£])}

> (Ax.E[x]) Sk.t Ry E[Sk.t]
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Example: (g axiom

R1 = {((\x.E[X]) ¥, E[£])}

» (Ax.E[x]) Sk.t R1 E[Sk.t]
For R1 to be a normal form bisimulation, we need
» (Ax.E[x]) y Ry E[y] for a fresh y True
> (t) R (1)



Example: (g axiom

Ry = {((AE[x]) ¢/, E[£])} U {(t, 1)}

» (Ax.E[x]) Sk.t R1 E[Sk.t]
For R1 to be a normal form bisimulation, we need

» (Ax.E[x]) y Ry E[y] for a fresh y True
» (t) Ry (t) Easy change



Example: (g axiom

Ry = {((AE[x]) ¢/, E[£])} U {(t, 1)}

» (Ax.E[x]) Sk.t R1 E[Sk.t]
For R1 to be a normal form bisimulation, we need
» (Ax.E[x]) y Ry E[y] for a fresh y True
» (t) Ry (t) Easy change
» That's it



Conclusions so far

> Applicative bisimilarity
» Equivalence proofs can be quite involved
» Complete
» Up-to techniques: open problem
» Normal form bisimilarity
» Equivalence proofs are quite simple
» Not complete
» Allow for up-to techniques



Environmental bisimulation

Definition
A relation X is an environmental bisimulation if
1. tg Xg t1 implies:
1.1 if tg —y t), then t; =% t{ and t§ Xe t];
1.2 if tg = vp, then t; =% v and EU{(vp, 1)} € X

1.4 the converse of the above conditions on t;;
2. £ € X implies:
2.1 if Ax.tg € Ax.t; and vy gvl, then to{vo/x} Xe t1{va/x};



Environmental bisimulation

Definition
A relation X is an environmental bisimulation if
1. tg Xg t1 implies:
1.1 if tg —y t), then t; =% t{ and t§ Xe t];
1.2 if tg = vp, then t; =% v and EU{(vp, 1)} € X
1.3 if tg is stuck, then t; —% t; with t] stuck, and
EU{(to, t])} € X;
1.4 the converse of the above conditions on t;;
2. £ € X implies:
2.1 if Ax.tg € Ax.t; and vy gvl, then to{vo/x} Xe t1{v1/x};
2.2 if Ej[Sk.to] € E1[Sk.t;] and E,' € E;’, then
(tof{Ax.(Eo'[Eo[x]])/K}) Xe (ti{Ax.(E1"[Ex[x]])/K}) for a
fresh x.



Up-to context

Definition
A relation X is an environmental bisimulation up to context if
1. tg Xg t1 implies:
1.1 if tg —, t), then t; —% t] and t) Xe t];
12 ...
2. £ € X implies:
2.1 if Ax.to € Ax.t; and vo € vi, then to{vo/x} Xe t1{wv1/x};
2.2 if Ep[Sk.to] € E1[Sk.t:] and E,' € E;’, then
(to{Ax.(Eo'[Eo[x]])/k}) Xe (ti{Ax-(E1"[Ex[x]])/k}) for
fresh x.
where tg Yg ty if
> either tg = Fo[t)], t1 = F1[t]], th Xs t,, and Fp € Fi;

> or toé\tl.
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> building X' for E[t] ~ (Ax.E[x]) t
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ls it helpful?

> building X' for E[t] ~ (Ax.E[x]) t
» problematic case t = Eyp[Sk.tp]
» we add (Ax.E[x]) Eo[Sk.to] and E[Eg[Sk.tp]] to an
environment £ of X
» forall E; € Eo, (t'"{\y (E1[(Ax.E[X]) Eoly]])/k}) Xe
(t'{Ay(E2[E[Eoly]I])/ K})
> but:
» (Ax.E[x]) Eoly] and E[Ep[y]] are open
» t' can be any term
> we have (t'{\y.(E1[(Ax.E[x]) Eolyl])/k}) Xe®
(t'{ Ay (E2[E[Eoly]]])/k}) instead of Ae



Up-to context

Fix (?) for “any context issue”
> if Eg[Sk.to] £ E1[Sk.t1] and Ey’ X E;’, then

]Sto{P?XKEo’[Eo[X]])/kD Xe (0 {Ax.(E1'[E1[x]])/k}) for a



Up-to context

Fix (?) for “any context issue”
> if Eg[Sk.to] £ E1[Sk.t1] and Ey’ X E;’, then

]Sto{P?XKEo’[Eo[X]])/kD Xe (0 {Ax.(E1'[E1[x]])/k}) for a

Fix for open terms: 7777777
> (Ax.E[x]) Eo[y] Xc° E[Eo[y]] implies
(Ax.E[x]) Eo[vo] Xs E[Ep[w1]] for all vy & vy.
> which implies (Ax.E[x]) to Xe E[t1] with o € 1y



Relaxed vs original semantics

» Relations so far defined for the relaxed semantics

» Not complete w.r.t. CPS
» Sk.k t not equivalent to t (k ¢ fv(t))

» Original semantics: terms are executed within a reset (t)
(programs)

» Consequence: evaluation to a stuck term impossible
Corresponding contextual equivalence:
Definition

to ~c t1 if for all C, (C[to]) |}v implies (C[t1]) {}v, and conversely
for (C[t1]).



Environmental bisimilarity for the original semantics

Definition
A relation & is an environmental bisimulation for programs if
1. if to Xe t1 and tp and t; are not both programs, then for all
Eo £ E;, we have <E0[t0]> Xe (El[t1]>;
2. if po Xe p1
2.1 if pg —v pg, then p1 —% p1 and pj Xe pi;
2.2 if pg =y vo, then p1 =% vi, and {(vo, 1)} UE € X;
2.3 the converse of the above conditions on ps;
3. forall £ € X, if Ax.tg £ Ax.t1 and v SAvl, then
to{vo/x} Xe t1{vi/x}.



Environmental bisimilarity for the original semantics

Definition
A relation & is an environmental bisimulation for programs if

1. if to Xe t1 and tp and t; are not both programs, then for all
Eo E E1, we have <E0[t0]> Xg (El[t1]>;
2. if po Xe p1
2.1 if pg —v pg, then p1 —% p1 and pj Xe pi;
2.2 if pg =y vo, then p1 =% vi, and {(vo, 1)} UE € X;
2.3 the converse of the above conditions on ps;
3. forall £ € X, if Ax.tg £ Ax.t1 and v SAvl, then

to{Vo/X} Xg tl{vl/x}.



Stuff

» Soundness proof requires some tweaking w.r.t. A-calculus

» Howe's method seems to fail with corresponding applicative
bisimilarity

» Complete w.r.t. CPS

» Differences between the two semantics:

Lemma

» We have Q ~ Sk.Q.
» If k & fu(t), then t ~ Sk.k t.

» If k ¢ fv(t1) and x ¢ fv(E), then we have
(Ax.E[Sk.to]) t1 = E[Sk.((Ax.tp) t1)].



Conclusion

Relaxed semantics:
> Applicative
» Normal form
» Environmental
Original semantics:
> environmental
Future work: abortive control (Au)

> conjecture: environmental



