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» Example : “Weak confluence implies the Church-Rosser

property”
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Objectives

» The algebraic view improves :
» goals readability ;
> but we saw the need for :
» decision tactics (a la ring, omega) :

» simplification tactics (ring_simplify) :

> rewriting tactics (modulo A, modulo AC) :
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Scott vs. Kozen

Let o and 3 be two regular expressions (+,-,0,1,*).

Scott '50 « and 3 represent the same language iff the corresponding
minimal automata are isomorphic.

Kozen '94 Initiality of this model for Kleene algebras :
If « and 3 lead to the same automata,
then AF o = 3, for any Kleene algebra A.



Scott vs. Kozen (again)

(a+ b)* a*-(b-a%)"
construction § 5 construction
e-removal ¢ () e-removal
determinisation § § determinisation
minimisation é é minimisation

a,b ' o o M a,b
\4 ‘_)

Scott '50 : We deduce L((a+ b)*) = L(a* - (b- a*)").
Kozen '94 : We deduce At (a+ b)* =a*- (b-a*)".
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Making a reflexive tactic

» Theoretical complexity is exponential. ..
> it's tractable in practice...
» as long as we take some care in the implemetation
» Coq is a programming language, we code the algorithm :
Definition decide_Kleene : regexp — regexp — bool := ...

» We formalize Kozen's proof in Coq :
Theorem Kozen : V a b : regexp, decide_Kleene a b = true — a ==

(== is the equality generated by the axioms of Kleene Algebras)

» Then we wrap this in a tactic.
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Datastructures (FSets/FMaps)

Construction J/
e-removal J/

State «— StateSet

Determinisation J/

State — State ~——> 7.

Minimisation L

State «— State ~——> 3.
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Algebraic hierarchy

» We want to share the tools we developped for monoids,
lattices, semi-rings, etc. ..
(e.g., semiring_reflexivity in the context of a Kleene algebra.)
» We follow the mathematical algebraic hierarchy using
Typeclasses

Semilattice
<: SemiRing <: KleeneAlg <: ...
Monoid
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Matrices cont.

Thanks to typeclasses, we inherit tools and theorems for matrices :
> square matrices built over a semi-ring form a semi-ring;

» square matrices built over a Kleene algebra form a Kleene
algebra.



How to deal with rectangular matrices?

» Without extra stuff, we cannot re-use tools for them :
rectangular matrices do not form a semiring

» operations (+,+,...) are partial (dimensions have to agree)

X: Type.

dot: X - X — X.
one: X.

plus: X —- X — X.
zero: X.

star: X — X.

dot neutral left:
V x, dot one x = x.
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» Without extra stuff, we cannot re-use tools for them :
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» operations (+,+,...) are partial (dimensions have to agree)

X: Type.

dot:
one:

plus:
zero:

star:

X —- X — X.
X.

X = X = X.
X.

X — X.

dot neutral left:

vV x,

dot one x = x.

T: Type.
X: T—T— Type.

dot: Vnmp, Xnm—=Xmp-—=Xnp.
one: V n, X n n.
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How to deal with rectangular matrices?

» Without extra stuff, we cannot re-use tools for them :
rectangular matrices do not form a semiring

» operations (+,+,...) are partial (dimensions have to agree)

T: Type.
X: Type. X: T—T— Type.
dot: X — X — X. dot: Vnmp, Xnm—=Xmp-—=Xnp.
one: X. one: V n, X n n.
plus: X —- X — X. plus: Y nm, Xnm—=Xnm—Xnm.
zero: X. zero: V. nm, X n m.
star: X — X. star: Vn, X nn—Xn n.
dot neutral left: dot neutral left:
V x, dot one x = x. ¥V nm (x: X nm), dot one x = x.

> Introduce (graded) structures from the beginning
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Untyping

untyped setting : decide

erase typesT Lrebuild types

o

typed setting : o



Untyping

untyped setting : decide
erase typesT Lrebuild types
typed setting : o ? o
» Depending on the algebraic setting :
A
semi-lattices trivial
monoids rather easy
semirings tricky
Kleene algebras same as for semirings
residuated lattices with constraints
action algebras/lattices ?
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» Other tools for the underlying structures :

» various (graded) algebraic settings,
» matrices,



Learnings

» FSets/FMaps :

» used a lot in our development
» instanciation time of multiple applications of functors (sets of
sets of ... ) can become huge
» design choice : underlying ordered types mixing proofs and
programs
» Typeclasses :

» much more supple to use than modules
» there is an overhead due to the inference of implicit arguments

> JMeq :

> the axiom is necessary to prove the untyping lemmas



What's coming next

» More efficient tactic
» binary integers (positive and FMapPositive)
> better construction algorithm
» Spaghetti Hopcroft
> release of our Matrices library :
+ ring like tactics for rectangular matrices



Questions ?



Determinisation

» Construct the powerset automata

» Let X be the decoding matrix of the subsets of the
automata (u, M, v) :

» We can define M and @ such that :

M X=X -M T X=u
» We deduce
M - X-v=1-X-M.v
=u-M v
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