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Rewriting: Confluence

» Strong confluence:

l : Forall PP, Q s.t. P—P’ and P—Q,

v there exists @' s.t. Q—Q’ and P/ —Q'.
» Confluence:

—

M H For all P,P’, Q s.t. P—*P" and P—*Q,

- ;J* there exists @' s.t. Q—* @’ and P'—*Q'.
» Local confluence:

l H For all P,P’, Q s.t. P—P’ and P—Q,

R there exists Q' s.t. Q—*Q’ and P'—=*Q’.

» Newman's Lemma:
“Local confluence and termination entail confluence”.

Rewriting: Commutation

» Strong commutation:
—_—

l | For all P,P’,Q s.t. P—P' and P—Q,
Y there exists Q' s.t. Q— Q' and P'—Q'.
» Commutation:
—
M ! For all P,P’,Q s.t. P—*P" and P—*Q,
LV there exists Q' s.t. @—*Q’ and P'—*Q’.
> Loﬁ)ommutation:
l H For all P,P', Q s.t. P—P' and P—Q,
B ;} there exists Q' s.t. Q—*Q’ and P'—*Q’.

» Generalisation of Newman's Lemma ?



Rewriting: Generalisation of Newman's Lemma Proof sketch (2)

Commutation is obtained from local commutation and: > O(P): YP',Q,P—P NP—*Q
» the termination of both relations: No! = 3Q,Q—*Q NP —=*Q".
— . . I P———=Py———>Q
-~ _ — » Well-founded induction on the termination 1}\\\
. of ~» = (—=1—7)": we have to prove Nt (¥)
> the termination of — U — (standard), VP, $(P) = 6(P) IR
» the termination of —*—7 (this work). ’ . - : WL P ——=Q
Neith d . | External induction hypothesis: WY
either — nor — need to terminate ! &(P) : YP", PP = §(P"). 11 Qﬁl (¢(P1)) U
> We reformulate our goal as: (LC) IEEP2 —
VP, Q,P—*Q = ¢(P) = VP, P—P’ EE
:>E|QI,QH*QI/\PI_)*QI- P\I Q
1 —— Qp_
» Structural induction on P—*Q. ' '
¢(Pn—
L S S > Non-trivial case: P—Py—*Q. l (! 1))U
Internal induction hypothesis: P’ P Q'
w : ¢(P0) = VPI, Py— P =
Q1 Qo—* @1 A P1—"Q1.

Proof sketch (1) Bisimulation: Definition

» LTS: processes (P, Q..), labelled transitions (P % P’)
VP, P Q,P—P' A P—Q

> If = 3Q, Q—"Q'NP'=*Q" —, > R is a bisimulation if:
—1 7 terminates l I
::¢V VP, Q, P’, PRQAAP & P/:>E|Q’, PRQ NQRS Q
then ¥P, P, Q, P—*P' A P—*Q
= HQI, Q—>*Ql/\ Pl—>*Q/. | 5 R Q
M ll P/ R Qv/
===
» Semi-local commutation: » bisimilarity: ~ = J{R, R bisimulation }

P—— Q@ entails P—— Q@

I
P===q P'==>q

> “Stair’ relation: ~ = (=T —1)7F



Bisimulation: Definition
» LTS: processes (P, Q..), labelled transitions (P -3 P’)

» Weak case:

» o€ {a,b..} W {7}, the silent action 7 is not observable.
» Weak transitions:

_T)*

T 8, T

—N—
Yo {n
> >

» R is a bisimulation if:

VP, Q,P',PRQAP S P =3Q ,PRQYNQ=Q

P R Q P R Q
”’U Nz oc¢ &
=% R Q/ P/ R Q/

> bisimilarity: ~ £ [J{R, R bisimulation }

Bisimulation: Up-to techniques [Milner,Sangiorgi]

» “Reduce the size of the bisimulation candidate”

»if P R Q ,then R~ is a bisimulation, (and R C =)

O{¢ AvZes
P/ R% Q/
» but P R @ doesnotentail R C =
Oz¢ AvZes
P ~R @

Consider the LTS “r.a 5 a-%0":
a~T.a,and R = {(7.a,0)} satisfies the previous diagram:

T.a R 0
™ |
i ~ T1a R O
but 7.a % 0.
» use “Expansion”: if P R Q@ thenRC=.
OL¢ AvZe

P mR~ Q'

Putting it all together

» Extend the commutation result:

_ ~—>

wﬂ then

N~

1
|

<~

\
> —_— ~—>

| —T—7 terminates

= ~—>

—

PTake*):—Thf\/\—):—a):T}'—):Band«»—):R

Putting it all together

BT5+  terminates

B R
B* B*R
If a . \H]T a & \UT then al la



Putting it all together

» Suppose P B Q and BT5T terminates,
Ot¢ \/Ot

P/ B* Q/

»if P R @ ,then B*R is a bisimulation, R C ~.

Oz¢ AvZes

P/ B*R Q/

General result

» Generalisation of Sangiorgi's up-to techniques for strong

bisimulation.

» Suppose P B Q@ and BTZT terminates,

« AvZes
P/ B* Q/
»if P R Q and P R Q thenRC=
T¢ \/T a \/a
P'B*F(R)Q' P G(R)

(with some restrictions on F and G)

»if P R Q and P R Q thenRC~x
T¢ \/T a¢ \/a
P/B*R: %Q/ PI(RU z)*)(Q/

Conclusions, Future Works

» New up-to techniques, using a new commutation result,
all the proofs were checked with the Coq proof assistant.

» Applying these techniques:
» this study originates from the correctness proof of a distributed
abstract machine
» ‘“up to expansion” is sometimes not enough
» find out whether these techniques are enough, by studying
other applications
» Developing the theory:
» relationships with the decreasing diagrams of [van Oostrom]
(already used by [Fournet] for bisimulation).
» general extension of these techniques to the bisimulation

setting?

For Further Reading |

@ M. Bezem, J.W. Klop, V. van Oostrom.
Diagram Techniques for Confluence
Information and Computation, 141(2):172-204, 1998.

[ D. Pous.
Web appendix of this paper (with Coq proof scripts):
http://perso.ens-lyon.fr/damien.pous/upto/.
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